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Resumen
En este artículo se presentan los resultados 
de una estrategia de paralelización para 
reducir el tiempo de ejecución al aplicar la 
simulación  Monte Carlo con un gran número de 
realizaciones obtenidas utilizando un modelo 
GH ÀXMR \ WUDQVSRUWH GH DJXD  VXEWHUUiQHD
'HVDUUROODPRV XQ VFULSW HQ 3\WKRQ XVDQGR
PSLS\D¿QGHHMHFXWDU*:0&\SURJUDPDV
relacionados en paralelo aplicando la biblioteca 
03,1XHVWURHQIRTXHFRQVLVWHHQFDOFXODU ODV
HQWUDGDVLQLFLDOHVSDUDFDGDUHDOL]DFLyQ\FRUUHU
grupos de estas realizaciones en procesadores 
VHSDUDGRV\GHVSXpVFDOFXODUHOYHFWRUPHGLR
\ODPDWUL]GHFRYDULDQ]DGHODVPLVPDV(VWD
HVWUDWHJLDVHDSOLFyDOHVWXGLRGHXQDFXtIHUR
VLPSOL¿FDGR HQ XQ GRPLQLR UHFWDQJXODU GH
XQD VROD FDSD 3UHVHQWDPRV ORV UHVXOWDGRV
GHDFHOHUDFLyQ\H¿FLHQFLDSDUD\
 UHDOL]DFLRQHV SDUD GLIHUHQWH Q~PHUR GH
SURFHVDGRUHV(¿FLHQFLDVGH\
VHREWXYLHURQSDUD\SURFHVDGRUHV
UHVSHFWLYDPHQWH 2EVHUYDPRV XQD PHMRUD
OLJHUDGHOUHQGLPLHQWRDPHGLGDTXHDXPHQWD
HOQ~PHURGHUHDOL]DFLRQHV
3DODEUDV FODYH $JXD VXEWHUUiQHD ÀXMR \
WUDQVSRUWH VLPXODFLyQ 0RQWH &DUOR FyPSXWR
SDUDOHORGLVWULEXLGR3\WKRQ
A parallel computing strategy for Monte Carlo simulation using 
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Abstract
,Q WKLV SDSHU ZH SUHVHQW WKH UHVXOWV RI D
SDUDOOHOL]DWLRQVWUDWHJ\WRUHGXFHWKHH[HFXWLRQ
WLPHIRUDSSO\LQJ0RQWH&DUORVLPXODWLRQZLWK
D ODUJHQXPEHURIUHDOL]DWLRQVREWDLQHGXVLQJ
DJURXQGZDWHUÀRZDQG WUDQVSRUWPRGHO:H
GHYHORS D VFULSW LQ 3\WKRQ XVLQJ PSLS\ LQ
RUGHUWRH[HFXWH*:0&DQGUHODWHGSURJUDPV
LQ SDUDOOHO DSSO\LQJ WKH 03, OLEUDU\ 2XU
DSSURDFK LV WR FDOFXODWH WKH LQLWLDO LQSXWV IRU
HDFK UHDOL]DWLRQ DQG UXQ JURXSV RI WKHVH
realizations in separate processors and 
DIWHUZDUGV WR FDOFXODWH WKHPHDQ YHFWRU DQG
WKH FRYDULDQFHPDWUL[ RI WKHP 7KLV VWUDWHJ\
ZDVDSSOLHGWRWKHVWXG\RIDVLPSOL¿HGDTXLIHU
LQDUHFWDQJXODUGRPDLQRIDVLQJOH OD\HU:H
UHSRUWWKHUHVXOWVRIVSHHGXSDQGHI¿FLHQF\IRU
DQGUHDOL]DWLRQVIRUGLIIHUHQW
QXPEHU RI SURFHVVRUV (I¿FLHQFLHV RI 
 DQG ZHUH REWDLQHG IRU   DQG
 SURFHVVRUV UHVSHFWLYHO\ :H REVHUYH D
VOLJKWO\ LPSURYHPHQW RI WKH SHUIRUPDQFH DV
WKHQXPEHURIUHDOL]DWLRQVLVLQFUHDVHG
.H\ZRUGV JURXQGZDWHU ÀRZ DQG WUDQVSRUW
0RQWH &DUOR  VLPXODWLRQ GLVWULEXWHG SDUDOOHO
FRPSXWLQJ3\WKRQ
(/H\YD6XiUH]*6+HUUHUDDQG/0GHOD&UX]
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Introduction
6WRFKDVWLF K\GURJHRORJ\ LV D ¿HOG WKDW GHDOV
ZLWKVWRFKDVWLFPHWKRGVWRGHVFULEHDQGDQDO\]H
JURXQGZDWHU SURFHVVHV 5HQDUG  $Q
LPSRUWDQWSDUWRILWFRQVLVWVRIVROYLQJVWRFKDVWLF
PRGHOVVWRFKDVWLFSDUWLDOGLIIHUHQWLDOHTXDWLRQV
GHVFULELQJWKRVHSURFHVVHVLQRUGHUWRHVWLPDWH
WKH MRLQW SUREDELOLW\ GHQVLW\ IXQFWLRQ RI WKH
SDUDPHWHUV HJ WUDQVPLVVLYLW\ VWRUDWLYLW\
DQGRUVWDWHYDULDEOHVHJJURXQGZDWHUOHYHOV
FRQFHQWUDWLRQV RI WKRVH HTXDWLRQV RU PRUH
FRPPRQO\VRPHRIWKHLUPRPHQWV0RQWH&DUOR
VLPXODWLRQ 0&6 LV DQ DOWHUQDWLYH IRU VROYLQJ
WKHVHVWRFKDVWLFPRGHOVLWLVEDVHGRQWKHLGHD
RI DSSUR[LPDWLQJ WKH VROXWLRQ RI VWRFKDVWLF
SURFHVVHVXVLQJDODUJHQXPEHURIHTXDOO\OLNHO\
UHDOL]DWLRQV)RUH[DPSOHWKHSLRQHHULQJZRUN
RQ VWRFKDVWLF K\GURJHRORJ\ E\ )UHH]H 
DSSOLHVWKLVPHWKRG
7KH ODUJH QXPEHU RI UHDOL]DWLRQV UHTXLUHG
E\0&6FDQEHYHU\GHPDQGLQJLQFRPSXWLQJ
UHVRXUFHV DQG WKH FRPSXWDWLRQDO WLPH FDQ
EH H[FHVVLYH 1RZDGD\V WKHUH H[LVW PDQ\
SDUDOOHO FRPSXWLQJ SODWIRUPV WKDW FDQ EH
XVHGWRDOOHYLDWHWKLVSUREOHP6RPHSUHYLRXV
ZRUNV KDYH IRFXVHG LQ WKLV GLUHFWLRQ IRU
H[DPSOH 'RQJ et al  GHVFULEH D
SDUDOOHOL]DWLRQVWUDWHJ\IRUVWRFKDVWLFPRGHOLQJ
RIJURXQGZDWHUV\VWHPVXVLQJWKH-DYD3DUDOOHO
3URFHVVLQJ)UDPHZRUN-33)7KLVWRROLVYHU\
SRZHUIXODQGFDQEHXVHGDVD*5,'PLGGOH
ZDUH )RVWHUet al  WR GLVWULEXWH WDVNV
DFURVV VHYHUDO FRPSXWLQJ V\VWHPV 'RQJ et 
alWDNHDGYDQWDJHRIWKLVWRROWRDYRLG
DQ\ PRGL¿FDWLRQ RI 02')/2: DQG UHODWHG
SURJUDPV+RZHYHUZKHQWKH-33)LVXVHGLQD
FOXVWHUDORQHDVLPSO\PDVWHUZRUNHUSDUDOOHO
PRGHO LV REWDLQHG 7KH\ DOVR UHSRUW WKDW WKH
FRPELQDWLRQRIWZROHYHOVRISDUDOOHOLVPXVLQJ
DSDUDOOHOVROYHUWRUHGXFHWKHH[HFXWLRQWLPH
E\ DQ RUGHU RI WZR +RZHYHU WKLV WHFKQLTXH
SD\V RII RQO\ IRU YHU\ ODUJH JULGV RYHU  
SRLQWV ,Q RXU FDVH ZH GR QRW UHTXLUH VXFK
PDVVLYHJULGV
,Q WKLV SDSHU ZH SURSRVH D GLVWULEXWHG
SDUDOOHO FRPSXWLQJ PHWKRG IRU VWRFKDVWLF
PRGHOLQJ ZLWK WKH VRIWZDUH Groundwater 
Monte Carlo *:0& D FRPSRQHQW RI WKH
*URXQGZDWHU4XDOLW\0RQLWRULQJ*:40RQLWRU
SDFNDJH +HUUHUD  *:0& LV XVHG
WRJHWKHU ZLWK DQ DVVLPLODWLRQ PHWKRG FDOOHG
(QVHPEOH 6PRRWKHU RI +HUUHUD (6+ LQ
RUGHU WR HVWLPDWH JURXQGZDWHU FRQWDPLQDQW
FRQFHQWUDWLRQDVVLPLODWLQJFRQFHQWUDWLRQGDWD
7KHEHVWNQRZQYHUVLRQRI(QVHPEOH6PRRWKHU
ZDVGHYHORSHGE\YDQ/HHXZHQDQG(YHQVHQ
+HUUHUDGH2OLYDUHVGHYHORSHGDYHUVLRQ
RI WKH DVVLPLODWLRQ PHWKRG LQGHSHQGHQWO\
DQGRULJLQDOO\VKHFDOOHGLWVWDWLF.DOPDQ¿OWHU
+HUUHUD
Ground Water Monte Carlo (GWMC)
*:0& LV D SURJUDP ZULWWHQ LQ )2575$1 E\
+HUUHUDDQGVXEVHTXHQWO\PRGL¿HGE\
2OLYDUHV9i]TXH]
It implements Monte Carlo simulation 
XVLQJDÀRZDQGWUDQVSRUWVLPXODWRU LQZKLFK
K\GUDXOLF FRQGXFWLYLW\ LV D UDQGRP ¿HOG
DQG WKH FRQWDPLQDQW FRQFHQWUDWLRQ DW WKH
FRQWDPLQDQW VRXUFH LV D WLPH VHULHV DW HDFK
QRGH7KHUHIRUHPXOWLSOHUHDOL]DWLRQVRIWKRVH
WZR SDUDPHWHUV DUH REWDLQHG DQG IRU HDFK
UHDOL]DWLRQWKHÀRZDQGWUDQVSRUWHTXDWLRQVDUH
VROYHGE\WKH3ULQFHWRQ7UDQVSRUW&RGH37&
D¿QLWHHOHPHQWVLPXODWRU%DEXet al
)LQDOO\GLIIHUHQWDYHUDJHVRIWKHFRQFHQWUDWLRQ
VROXWLRQVDUHFDOFXODWHGWRREWDLQWKHLUVSDFH
WLPH PHDQ YHFWRU DQG FRYDULDQFH PDWUL[ ,Q
WKLV SDSHU *:0& LV SDUDOOHOL]HG LQ RUGHU WR
UHGXFHWKHSURJUDPH[HFXWLRQWLPH
Methodology
7KHPHWKRGRORJ\LPSOHPHQWHGLQWKLVZRUNLV
DVIROORZV
6WHS7KHLQSXW¿OHVIRU37&DUHJHQHUDWHG
6WHS  7KH LQSXW ¿OHV IRU *:0& DUH
JHQHUDWHG
6WHS  $ QXPEHU RI UHDOL]DWLRQV RI WKH
QDWXUDOORJDULWKPRIWKHK\GUDXOLFFRQGXFWLYLW\
¿HOGDUHJHQHUDWHGXVLQJWKHVHTXHQWLDO*DX
VVLDQ VLPXODWLRQ 6*6,0 SURJUDP 'HXWVFK
DQG -RXUQHO  7KLV SURJUDP JHQHUDWHV
VWDQGDUGQRUPDOVLPXODWHGYDOXHVZLWKDJLYHQ
correlation spatial structure on a rectangular 
PHVK
6WHS  $ WUDQVIRUPDWLRQ WR JHW WKH
K\GUDXOLFFRQGXFWLYLW\¿HOGDORJQRUPDO¿HOG
LV FDOFXODWHG IRU HDFK UHDOL]DWLRQ XVLQJ WKH
1UPORJ SURJUDP 7KLV SURJUDP WUDQVIRUPV
WKH VWDQGDUG QRUPDO YDOXHV WR D QRUPDO
YDULDEOHZLWKDJLYHQPHDQDQGYDULDQFHDQG
WKHQDSSOLHVWKHH[SRQHQWLDOIXQFWLRQWRJHWWKH
ORJQRUPDO¿HOG
6WHS  )RU HDFK QRGH DW WKH VRXUFH RI
FRQWDPLQDQWFRQFHQWUDWLRQWKHVDPHQXPEHU
RIUHDOL]DWLRQVRIWLPHVHULHVLVJHQHUDWHGXVLQJ
WKH5DQG76SURJUDP
6WHS  ,I WKH 37& ¿QLWH HOHPHQWPHVK LV
QRWHTXDOWRWKH6*6,0UHFWDQJXODUPHVKWKH
6*6,0PHVKLVPDSSHGLQWRWKHQHDUHVWQRGH
RIWKH37&PHVK
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6WHS  7KH JHQHUDWHG K\GUDXOLF FRQGXF
WLYLW\ UHDOL]DWLRQ YDOXH LV DVVLJQHG WR WKH
FRUUHVSRQGLQJQRGHRIWKH37&PHVKDQGWKH
K\GUDXOLFFRQGXFWLYLW\37&¿OHVDUHVXEVWLWXWHG
ZLWKWKHQHZYDOXHV
6WHS  7KH FRQWDPLQDQW FRQFHQWUDWLRQV
DWWKHVRXUFHDUHVXEVWLWXWHGE\WKH5DQG76
YDOXHVLQWKH37&¿OHIRUWKHWUDQVSRUWERXQGDU\
FRQGLWLRQV
6WHS37&LVH[HFXWHGIRUHDFKFRQGXFWLYLW\
DQG VRXUFH FRQFHQWUDWLRQ UHDOL]DWLRQ 37&
VROYHV QXPHULFDOO\ WKH ÀRZ DQG WUDQVSRUW
HTXDWLRQ
6WHS  $GGLQJ RYHU WKH FRQFHQWUDWLRQ
solutions obtained in step 8 DQ DX[LOLDU\
YHFWRUZLWKWKHVXPRIFRQFHQWUDWLRQVIRUHDFK
QRGHDQGWLPHRILQWHUHVWLVFDOFXODWHGDQGDQ
DX[LOLDU\PDWUL[ ZLWK WKH VXP RI SURGXFWV RI
FRQFHQWUDWLRQVIRUHDFKSRVVLEOHSDLURIVSDFH
WLPHSRVLWLRQVRILQWHUHVWLVFDOFXODWHG
6WHS  &RPELQLQJ WKH LQIRUPDWLRQ
FRQWDLQHG LQ WKH DX[LOLDU\ YHFWRU DQG WKH
DX[LOLDU\PDWUL[WKHVSDWLRWHPSRUDOPHDQYHFWRU
DQG FRYDULDQFH PDWUL[ RI WKH FRQWDPLQDQW
FRQFHQWUDWLRQDUHFDOFXODWHG
Step 12 7KH (6+ LV DSSOLHG WR HVWLPDWH
FRQWDPLQDQWFRQFHQWUDWLRQ
6WHSVWRDUHH[HFXWHGE\*:0&DQG
VWHSVWRDUHSDUDOOHOL]HGLQWKLVZRUN
Python - MPI
3\WKRQ LV DQ LQWHUSUHWHU LQWHUDFWLYH DQG
H[WHQVLEOH SURJUDPPLQJ ODQJXDJH XVHG LQ D
ZLGHYDULHW\RI DSSOLFDWLRQV ,QSDUWLFXODU IRU
VFLHQWL¿F FRPSXWLQJ WKHUH H[LVW PDQ\ WRROV
WKDW HDVH WKH GHYHORSPHQW RI FRPSXWDWLRQDO
FRGHV0LOPDQDQG$LYD]LV3\WKRQFDQ
EH FRPELQHG HDVLO\ ZLWK RWKHU SURJUDPPLQJ
ODQJXDJHV OLNH & & DQG )RUWUDQ DQG DO
VR FDQ EH XVHG WR H[SORLW KLJK SHUIRUPDQFH
FRPSXWLQJDUFKLWHFWXUHVE\XVLQJ03,0HVVDJH
3DVVLQJ ,QWHUIDFH >*URSS et al @ RU
&8'$ &RPSXWH 8QL¿HG 'HYLFH $UFKLWHFWXUH
>.LUN DQG+ZX @ &XUUHQWO\ DOPRVW DQ\
RSHUDWLQJ V\VWHP VXSSRUWV 3\WKRQ LQ VXFK D
ZD\WKDWWKLVSURJUDPPLQJODQJXDJHSURYLGHV
SRUWDELOLW\DFURVVPDQ\FRPSXWLQJSODWIRUPV
,QWKLVZRUNRXUPDLQREMHFWLYHLVWRUHGXFH
WKH H[HFXWLRQ WLPH RI WKH FRPSOHWH SURFHVV
GHVFULEHG LQ VHFWLRQ  ,Q RUGHU WR DYRLG D
FRPSOHWH UHGHVLJQ RI RXU FRGHV ZULWWHQ
PDLQO\LQ)2575$1ZHGHFLGHGWRXVH3\WKRQ
DQG03, IRU 3\WKRQ 03,3< >'DOFLQ@
03,3<SURYLGHVDQREMHFWRULHQWHGDSSURDFK
IRU03,ZKLFKDOORZVXVWRGLVWULEXWHWDVNVXVLQJ
3\WKRQ VFULSWV ,Q WKH DSSHQGL[ ZH GHVFULEH
EULHÀ\WKHVFULSWVGHYHORSHGLQWKLVZRUN
,Q ¿JXUH  ZH VNHWFK WKH SDUDOOHOL]DWLRQ
SURFHVV7KHPDLQLGHDLVWRUHXVH)2575$1
FRGHV ZLWK PLQLPDO PRGL¿FDWLRQV LQVLGH
D 3\WKRQ VFULSW )LUVW ZH LQLWLDOL]H DOO WKH
YDULDEOHV DQG GHWHUPLQH WKH FRUUHVSRQGLQJ
LQSXWVIRUWKHGLIIHUHQWH[HFXWDEOHFRGHV3DUW
RI WKLV SURFHVV LV GRQH LQ D FOLHQW PDFKLQH
EHIRUH WKHSDUDOOHO H[HFXWLRQ$IWHU WKDW WKH
FOLHQWVXEPLWVDEDWFKWDVNWRWKHFOXVWHU2QFH
WKH SDUDOOHO H[HFXWLRQ VWDUWV HDFKSURFHVVRU
JHQHUDWHV LWV RZQ LQSXW ¿OHV ODEHOHG XVLQJ
WKH SURFHVVRU QXPEHU:LWK WKH ORFDO LQSXWV
JHQHUDWHGZHH[HFXWHDJURXSRIUHDOL]DWLRQV
LQ HDFK SURFHVVRU 7KH ORDG EDODQFLQJ LV
GRQH E\ WKH VFULSW GLVWULEXWLQJ WKH VDPH
QXPEHURIWDVNVIRUHDFKSURFHVVRU(DFKUHD
OL]DWLRQ VROYHV WKH VDPH SUREOHP EXW ZLWK
GLIIHUHQWLQSXWVVRWKHWLPHUHTXLUHGE\HDFK
UHDOL]DWLRQLVDOPRVWWKHVDPH6LQFHWKHQXP
EHU RI UHDOL]DWLRQV FDQ EH GLIIHUHQW IRU HDFK
SURFHVVRUZHQHHGWRXVHDEDUULHUDWWKHHQG
RIWKHSDUDOOHOH[HFXWLRQ+RZHYHUWKHZDLWLQJ
WLPH IRU WKH ODVWSURFHVVRU LVQHJOLJLEOH7KH
FDOFXODWLRQ RI WKH VSDFHWLPH PHDQ DQG
WKH FRYDULDQFH PDWUL[ LV GRQH LQ SURFHVVRU
 ZKLFK UHTXLUHV LQIRUPDWLRQ IURP DOO WKH
SURFHVVRUV2ULJLQDOO\WKLVZDVGRQHLQ*:0&
,Q RXU FDVH ZH UHPRYHG WKH FRUUHVSRQGLQJ
)2575$1FRGHIURPWKHSURJUDPDQGZHSXW
LWLQDVHSDUDWHVXEURXWLQHWKDWLVFDOOHGDWWKH
HQGRIWKHVFULSW+RZHYHUWKLVFKDQJHLVYHU\
VLPSOH DQG VWUDLJKWIRUZDUG )LQDOO\ WKH ODVW
VWHSWKH(6+DSSOLFDWLRQ LVGRQHDVDSRVW
SURFHVVLQJVWHSLQWKHFOLHQWPDFKLQH
Application problem
$QDTXLIHURIE\P2 is considered 
¿JXUH D $ FRQWDPLQDQW VRXUFH LV ORFDWHG
RQ WKH OHIW KDQG VLGH ERUGHU DQG WKH DUHD LV
ERXQGHGE\DULYHURQWKHULJKWKDQGVLGH7KLV
SUREOHP ZDV VOLJKWO\ PRGL¿HG IURP WKH RQH
SUHVHQWHGE\+HUUHUDDQG3LQGHU
7KHREMHFWLYHLVWRHVWLPDWHWKHFRQWDPLQDQW
FRQFHQWUDWLRQV RI D PRYLQJ SOXPH GXULQJ
D \HDU SHULRG 7KH ORFDWLRQV DW ZKLFK
FRQFHQWUDWLRQ HVWLPDWHV ZLOO EH REWDLQHG DUH
DVVRFLDWHGZLWKWKHQRGHVRIZKDWZHFDOOWKH
HVWLPDWLRQPHVKVKRZQLQ)LJXUHD)RUHDFK
RQHRI WKHVH ORFDWLRQV FRQFHQWUDWLRQVZLOOEH
HVWLPDWHGHYHU\GD\V WKLVDPRXQWVWR
VL[WLPHVGXULQJWKH\HDUSHULRG
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Figure 1.3DUDOOHOL]DWLRQSURFHVV7DVNWRDUHGRQHLQSDUDOOHOZKLOHWDVNLVFDOFXODWHGLQSURFHVVRU
Figure 2. D3UREOHPVHWXSZLWK WKHHVWLPDWLRQPHVKDQGERXQGDU\ FRQGLWLRQV IRU WKHÀRZPRGHO K LV LQ
PHWHUVE6WRFKDVWLFVLPXODWLRQPHVKDQGERXQGDU\FRQGLWLRQVIRUWKHWUDQVSRUWPRGHOPRGL¿HGIURP2OLYDUHV
9i]TXH]
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)ORZDQGWUDQVSRUWPRGHO
7KH37& LV XVHG LQ WZRGLPHQVLRQDOPRGH WR
VROYHWKHÀRZDQGWUDQVSRUWPRGHO7KHÀRZDQG
WUDQVSRUW HTXDWLRQV FRXSOHG WKURXJK 'DUF\¶V
ODZ HTXDWLRQV   DQG  UHVSHFWLYHO\
DUH XVHG WR GHVFULEH WKH FRQWDPLQDQW SOXPH
HYROXWLRQ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ZKHUH K LV WKH K\GUDXOLF FRQGXFWLYLW\ h is 
WKH K\GUDXOLF KHDG S
S
 LV WKH VSHFL¿F VWRUDJH
FRHI¿FLHQWQLVDVRXUFHRUVLQNWHUPcLVWKH
VROXWH FRQFHQWUDWLRQD LV WKH K\GURG\QDPLF
GLVSHUVLRQ c
0
 LV WKH FRQFHQWUDWLRQ RI WKH
SXPSHG ÀXLG and I LV WKH HIIHFWLYH SRURVLW\
7KHÀRZHTXDWLRQGHVFULEHVWKHZDWHUÀRZ
WKURXJK WKH DTXLIHU WKH WUDQVSRUW HTXDWLRQ
 GHVFULEHV WKH FKDQJHV LQ FRQWDPLQDQW
FRQFHQWUDWLRQWKURXJKWLPHIRUDFRQVHUYDWLYH
VROXWH'DUF\¶VODZLVXVHGWRFDOFXODWHV
'DUF\ YHORFLW\ %RXQGDU\ FRQGLWLRQV IRU ÀRZ
DQG WUDQVSRUW DUH LQFOXGHG LQ ¿JXUHV D DQG
E UHVSHFWLYHO\ &RQFHQWUDWLRQ LV JLYHQ LQ
SDUWVSHUPLOOLRQSSPDQGK\GUDXOLFKHDGLQ
PHWHUVP
7KH QXPHULFDO PHVK XVHG WR VROYH WKH
ÀRZ DQG WUDQVSRUW HTXDWLRQV LV FDOOHG WKH
³VWRFKDVWLF VLPXODWLRQ PHVK´ LW FRQVLVWV RI
[HTXDOO\VL]HGHOHPHQWV¿JXUHE)RU
WKHWUDQVSRUWPRGHOIRUW\HLJKWWLPHVWHSVDUH
XVHGWRVLPXODWHDWZR\HDUSHULRGGD\V
HDFK)RUWKHÀRZPRGHODOOQRGHVRIWKHOHIW
KDQGVLGHERXQGDU\KDYHDYDOXHRIh = 50 m
DQGDOOQRGHVRIWKHULJKWKDQGERXQGDU\KDYH
DYDOXHRIh = 0 m7KHFRQWDPLQDQWVRXUFHLV
DFWLYHGXULQJDOORIWKLVSHULRGZLWKDFRQVWDQW
FRQFHQWUDWLRQ RI c = 50 ppm 1RGHV WKDW DUH
QRWSDUWRIWKHFRQWDPLQDQWVRXUFHVDWLVI\WKH
condition 
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0  7KH DTXLIHU LV DVVLJQHG
D WKLFNQHVV RI  P D SRURVLW\ RI  D
GLVSHUVLYLW\RIPLQWKH[GLUHFWLRQDQG
PLQWKH\GLUHFWLRQ
6WRFKDVWLFPRGHO
$V ZDV PHQWLRQHG EHIRUH WKH K\GUDXOLF
FRQGXFWLYLW\ LV UHSUHVHQWHG DV D VSDWLDOO\
FRUUHODWHG UDQGRP ¿HOG WKXV WKH UHVXOWLQJ
YHORFLW\ DQG GLVSHUVLRQ ¿HOGV DOVR EHFRPH
VSDWLDOO\FRUUHODWHGUDQGRP¿HOGV
)RU WKLV H[DPSOHZHZLOO DVVXPH WKDW WKH
K\GUDXOLF FRQGXFWLYLW\ ¿HOG KDV D ORJQRUPDO
GLVWULEXWLRQLWLVKRPRJHQHRXVVWDWLRQDU\DQG
LVRWURSLF7KHPHDQYDOXHRIF(x) = 1nK(x) is 
DQGWKHVHPLYDULRJUDPWKDWUHSUHVHQWV
LWVVSDWLDOFRUUHODWLRQVWUXFWXUHLVDQH[SRQHQWLDO
PRGHOLH
 γ σ λF F F
h h( ) exp= − −2 1  
ZKHUH m F
2  LV WKH YDULDQFH RI F ZLWK YDOXH
DQGO
F
 LVLWVFRUUHODWLRQVFDOHHTXDO
WRP
$WHDFKQRGHWKHFRQWDPLQDQWFRQFHQWUDWLRQ
LV UHSUHVHQWHG DV D WLPH VHULHV +HUUHUD DQG
3LQGHUWKURXJK
 c t t e t( ) exp( ( ))= − + +14 3  
ZKHUHe(t) LVD]HURPHDQUDQGRPSHUWXUEDWLRQ
QRUPDOO\ GLVWULEXWHG DQG ZLWK D 
YDULDQFH )RU HDFK VRXUFH QRGH LQ HYHU\
VLPXODWLRQ WLPH VWHS D GLIIHUHQW UDQGRP
SHUWXUEDWLRQ LV XVHG 7KH WLPH FRUUHODWLRQ RI
WKHUDQGRPSHUWXUEDWLRQVLVPRGHOHGZLWKWKH
VHPLYDULRJUDP
 γ λe e
t
t( ) . exp= − −0 1948 1  
ZLWKO
e
 HTXDOWRGD\V
)RUWKLVH[DPSOHZHXVHGDQG
UHDOL]DWLRQV
(VWLPDWLRQ ZLWK WKH (QVHPEOH 6PRWKHU RI
Herrera (ESH)
$V ZDV PHQWLRQHG EHIRUH +HUUHUD 
GHYHORSHG WKH DVVLPLODWLRQ PHWKRG
LQGHSHQGHQWO\ RI YDQ /HHXZHQ DQG (YHQVHQ
 LWZDV FDOOHG VWDWLF.DOPDQ¿OWHU DQG
ODWHUVWDWLFHQVHPEOH.DOPDQ¿OWHU(Q.)E\
1RZDNet al
8VLQJWKH(6+ZHHVWLPDWHWKHFRQVHUYDWLYH
FRQWDPLQDQW FRQFHQWUDWLRQ XVLQJ H[LVWLQJ GD
WD IRU D WZR\HDU SHULRG 7KH FRQFHQWUDWLRQ
HVWLPDWHV DUH REWDLQHG DW WKH QRGHV RIZKDW
ZH FDOO WKH (6+PHVK ZKLFK LV D VXEPHVK
RI WKH VWRFKDVWLF VLPXODWLRQ PHVK ZKLFK
FRQVLVWV RI [ HTXDOO\ VL]HG HOHPHQWV WKLV
PHVKLVVKRZQLQ¿JXUHD)RUHDFKRIWKHVH
SRVLWLRQVWKHFRQFHQWUDWLRQVDUHHVWLPDWHGVL[
WLPHVRYHUDSHULRGRIWZR\HDUVHTXLYDOHQWWR
GD\V7RDSSO\WKH(6+LWLVQHFHVVDU\WR
FDOFXODWHWKHVSDFHWLPHFRYDULDQFHPDWUL[RI
WKHFRQWDPLQDQWFRQFHQWUDWLRQ
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Performance
:HH[HFXWHRXUFRGHVRQD+3&OXVWHU3ODWIRUP
6/³0L]WOL ´FRQVLVWLQJRISURFHVVLQJ
FRUHV,QWHO(FDUGV19,',$P
ZLWK  *% RI 5$0 DQG FDSDEOH RI
SURFHVVLQJXSWR7)ORSV7KHV\VWHPKDV
7%RIPDVVLYHVWRUDJH
3DUDOOHOPHWULFV
6RPH RI WKH PRVW FRPPRQO\ XVHG PHWULFV
WR GHWHUPLQH WKH SHUIRUPDQFH RI D SDUDOOHO
DOJRULWKPDUHWKHVSHHGXSDQGHI¿FLHQF\
7KHVSHHGXSS
p
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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1
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on one processor and T
N
LVWKHUXQQLQJWLPHRI
WKHDOJRULWKPRQNSURFHVVRUV
7KHHI¿FLHQF\E
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LVGH¿QHGDV
 Ep
S
N
p
=  
ZKHUHNLVWKHQXPEHURISURFHVVRUVLQZKLFK
WKHDOJRULWKPH[HFXWLRQLVFDUULHGRXW
,Q WKLV SDSHU WKHVH PHWULFV DUH XVHG WR
YHULI\ KRZ HI¿FLHQW LV WKH SDUDOOHOL]DWLRQ RI
*:0&
7KH VHULDO H[HFXWLRQ RI *:0& IRU RQH
WKRXVDQG UHDOL]DWLRQV WRRN RQ DYHUDJH 
PLQXWHV XVLQJ 37& WR VROYH WKH ÀRZ DQG
WUDQVSRUWHTXDWLRQV
Figure 3.6SHHGXSYHUVXVQXPEHU
RISURFHVVRUVIRUDQG
UHDOL]DWLRQV
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Table 1.6SHHGXS6pHI¿FLHQF\(pDQG$PGDKO¶VODZGDWDZLWKGLIIHUHQWQXPEHURISURFHVVRUVIRU
DQGUHDOL]DWLRQV
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7KH SDUDOOHO 3\WKRQ VFULSW ZDV H[HFXWHG
IRU   DQG  UHDOL]DWLRQV ZLWK
GLIIHUHQWQXPEHUVRISURFHVVRUVVHHWDEOH
:HREVHUYHWKDWWKHVSHHGXSJURZVZKHQWKH
QXPEHU RI SURFHVVRUV LQFUHDVHV ¿JXUH 
,Q¿JXUHZHVHHWKDWWKHHI¿FLHQF\LVPRUH
VWDEOH IRU WKH  UHDOL]DWLRQV FDVH VLQFH LW
KDVIHZHURVFLOODWLRQV)RUWKHUHDOL]DWLRQV
FDVHDVSHHGXSRIZDVREWDLQHGZLWK
SURFHVVRUVDQGDFRUUHVSRQGLQJO\HI¿FLHQF\RI
IRUWKHUHDOL]DWLRQVFDVHDVSHHGXS
RI  ZDV REWDLQHG ZLWK  SURFHVVRUV
DQG D FRUUHVSRQGLQJO\ HI¿FLHQF\ RI 
IRU WKH  UHDOL]DWLRQV FDVH D VSHHGXS RI
 ZDV REWDLQHG ZLWK  SURFHVVRUV DQG
D FRUUHVSRQGLQJO\ HI¿FLHQF\ RI  7KH
QXPEHURIUHDOL]DWLRQVKDVQRWPXFKHIIHFWLQ
WKHVSHHGXSDQGHI¿FLHQF\VLQFHWKHLUYDOXHV
IRU WKH WKUHH FDVHV IRU WKH VDPH QXPEHU RI
SURFHVVRUVDUHVLPLODU
Discussion
7KHHODSVHGWLPHWKHVSHHGXSDQGHI¿FLHQF\
DUH OLPLWHG E\ VHYHUDO IDFWRUV VHULDO IUDFWLRQ
RIWKHFRGHORDGEDODQFLQJGDWDGHSHQGHQFLHV
DQG FRPPXQLFDWLRQV ,Q RXU FDVH ZH KDYH
DPLQLPDO SDUW RI VHULDO VHFWLRQ DW WKH YHU\
EHJLQQLQJRIWKHFRGHZKHQWKHSUREOHPLVVHW
XS LQ HDFK SURFHVVRU DQG DW WKH HQG RI WKH
FRGHZKHQZHMRLQWKHUHVXOWVRIDOOSURFHVVRUV
WRFDOFXODWHWKHPHDQYHFWRUDQGWKHFRYDULDQFH
PDWUL[:H KDYH D YHU\ JRRG ORDG EDODQFLQJ
GXHWRWKHIDFWWKDWHDFKSURFHVVRUZRUNVRQ
WKHVDPHQXPEHURIUHDOL]DWLRQV7KHUHDUHQRW
GDWDGHSHQGHQFLHVGXULQJFDOFXODWLRQVH[FHSW
IRU WKH PHDQ YHFWRU DQG FRYDULDQFH PDWUL[
FDOFXODWLRQV )LQDOO\ WKH FRPPXQLFDWLRQV
UHTXLUHGWRFRPSOHWHWKHFDOFXODWLRQVDUHDOVR
DWWKHEHJLQQLQJDQGDWWKHHQGRIWKHFRGH
$OPRVWDOOWKHIDFWRUVWKDWOLPLWWKHHI¿FLHQF\
RIRXUFRGHFDQEHWDNHQLQWRDFFRXQWLQWKH
VHULDO IUDFWLRQ EHFDXVH DUH SUHVHQW DW WKH
EHJLQQLQJDQGWKHHQGRIWKHFRGHLHGXULQJ
WKH VHULDO SDUW RI WKH H[HFXWLRQ 7KHUHIRUH
XVLQJ$PGDKO¶V ODZ5LGJZD\et alZH
FDQSUHGLFW WKH WKHRUHWLFDOPD[LPXPVSHHGXS
RIWKHFRGHEHIRUHKDQG$PGDKO¶VODZIRUPXODLV
 Sp f f p≤ + −
1
1( ) /
 
ZKHUH f UHSUHVHQWV WKH VHTXHQWLDO IUDFWLRQ RI
WKHFRGHDQGp LVWKHQXPEHURISURFHVVRUV
7KH VHULDO IUDFWLRQ LV PHDVXUHG LQ WLPH
XQLWVWKHUHIRUHZKHQZHLQFUHDVHWKHQXPEHU
RIUHDOL]DWLRQVWKHSURFHVVRUVZLOOKDYHPRUH
ZRUN WR GR LQ SDUDOOHO UHGXFLQJ WKH VHULDO
IUDFWLRQDVDFRQVHTXHQFH7KLVHIIHFWFDQEH
VHHQLQWKHUHVXOWVSUHVHQWHGLQWDEOHDQGLQ
¿JXUHV  DQG ZKHUH WKH VSHHGXS DQG WKH
HI¿FLHQF\DUHPRUHVWDEOHZKHQWKHQXPEHURI
UHDOL]DWLRQVLVLQFUHDVHG
,Q ¿JXUH  ZH FRPSDUH RXU VSHHGXS
UHVXOWV DJDLQVW $PGDKO¶V ODZ GUDZQ IRU 
UHDOL]DWLRQV :H REVHUYH WKDW RXU UHVXOWV IRU
WKH WKUHH FDVHV DUH LQ YHU\ JRRG DJUHHPHQW
ZLWK WKH SUHGLFWLRQV RI WKLV ODZ 7KH PHDQ
VTXDUHGHUURUVRI RXU UHVXOWV FRPSDUHGZLWK
WKH$PGDKO¶VODZDUHDQGIRU
DQGUHDOL]DWLRQVUHVSHFWLYHO\
ZKLFK SURRIV DOVR WKH HIIHFWLYHQHVV RI RXU
DSSURDFK %HVLGHV WKH HI¿FLHQFLHV REWDLQHG
DUHDOVRJUHDWHUWKDQLQVXFKDZD\WKDW
RXUSDUDOOHOFRGHVDUHVFDODEOHVHH5LGJZD\et 
al
$PGDKO¶V ODZ DVVXPHV D SHUIHFW ORDG
EDODQFLQJ7KHGH¿QLWLRQRIORDGEDODQFLQJLVLQ
WHUPVRIWKHWLPHt
i
 WKDWHDFKSURFHVVRUWDNHVLQ
LWVFDOFXODWLRQVGXULQJWKHSDUDOOHOSDUW$JRRG
EDODQFLQJ LV ZKHQ DOO WKH t
i
¶V KDYH WKH VDPH
Figure 4.(I¿FLHQF\YHUVXVQXP
EHURISURFHVVRUV IRU
DQGUHDOL]DWLRQV
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YDOXHDSSUR[LPDWHO\,QWHUPVRIWKHVHt
i
¶VWKH
SDUDOOHOWLPHRIWKHFRGHZLOOEHT
p 
= max{t
i 
: i 
= 1, ..., p},WLVUHDVRQDEOHWRDVVXPHWKDWWKH
WLPHRIWKHZKROHSURFHVVLQRQHSURFHVVRULVT
1 
= sum{t
i 
: i = 1, ..., p}7KHQXVLQJWKHHI¿FLHQF\
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+HQFH LI WKH ORDG EDODQFLQJ LV EDG WKHQ
WKHmax{t
i 
: i = 1, ..., p} ZLOOEHKLJKUHGXFLQJ
WKH HI¿FLHQF\ DQG VSHHGXS ,Q RXU FDVH ZH
GLVWULEXWH WKH UHDOL]DWLRQV RQ WKH SURFHVVRUV
HYHQO\ SURGXFLQJ DYHUDJHV DQG DPD[LPXP
RIt
i 
: i = 1, ..., pZLWKYHU\VLPLODUYDOXHV
$QRWKHU LPSRUWDQW DVSHFW LQ SDUDOOHO
DSSOLFDWLRQV LV WKH FRPPXQLFDWLRQ EHWZHHQ
SURFHVVRUV ,Q WKH FOXVWHU ZH XVHG WKH
FRQQHFWLRQVEHWZHHQSURFHVVLQJQRGHVLVEDVHG
RQ ,Q¿QLEDQG 4'5  *LJDELWV SHU VHFRQG
WHFKQRORJ\7KLVQHWZRUNUHGXFHGUDVWLFDOO\WKH
FRPPXQLFDWLRQVWLPHRIRXUFRGHVEHVLGHVZH
GRQRWXVHH[FKDQJHRI LQIRUPDWLRQRQFH WKH
SDUDOOHOSURFHVVLVLQLWLDWHGRQO\DWWKHVHWXSRI
WKHSUREOHPDQGDWWKHHQGRIWKHFDOFXODWLRQV
:H DOVR WHVWHG WKH VDPH FRGHV RQ D FOXVWHU
ZLWK (WKHUQHW LQWHUFRQQHFWLRQ EXW WKH UHVXOWV
ZHUHQRWDVJRRGDVZLWKWKRVHREWDLQHGZLWK
WKH,Q¿QLEDQGWHFKQRORJ\
Conclusions
,Q WKLV SDSHU D SDUDOOHOL]DWLRQ VWUDWHJ\ IRU
0RQWH &DUORW\SH VWRFKDVWLF PRGHOLQJ ZLWK
37&UHODWHGSURJUDPVKDVEHHQGHVFULEHG7KH
VRIWZDUH *:0& LPSOHPHQWV WKLV SURFHVV IRU
RQHSURFHVVRU2XUVWUDWHJ\DOORZVXVWRUHXVH
DOOWKHVHFRGHVZLWKPLQLPDOPRGL¿FDWLRQV
7KH UHVXOWV REWDLQHG LQ SDUDOOHO VKRZ WKDW
WKHSHUIRUPDQFHLVPRUHVWDEOHDVWKHZRUNORDG
IRU HDFK SURFHVVRU LV LQFUHDVHG ,Q SDUWLFXODU
ZH REWDLQHG D YHU\ JRRG HI¿FLHQF\ IRU 
UHDOL]DWLRQV DQG  SURFHVVRUV ,Q WKLV FDVH
ZH KDYH DQ HI¿FLHQF\ RI  ZKLFK PDNHV
RXU FRGHV VFDODEOH DQG XVHIXO IRU ODUJH VFDOH
DSSOLFDWLRQV 'XULQJ WKH GHYHORSPHQW RI WKLV
ZRUN ZH KDYH QRW LQVWDOOHG DQ\ FRPSOLFDWHG
VRIWZDUH ZH MXVW XVH WKH FRPPRQ OLEUDULHV
LQVWDOOHG LQ WKH 0L]WOL FOXVWHU ,Q DGGLWLRQ
ZH PDGH D YHU\ VLPSOH PRGL¿FDWLRQ RI RXU
RULJLQDO)2575$1FRGHWRFDOFXODWHWKHJOREDO
FRYDULDQFHPDWUL[
:HEHOLHYHWKDWRXUVWUDWHJ\ LVVLPSOHEXW
HIIHFWLYH IRU D ODUJH QXPEHU RI VLPXODWLRQV
DQGFDQEHDSSOLHGWRVWXG\PRUHFRPSOLFDWHG
SUREOHPVZKHUH WKH H[HFXWLRQ WLPHV FDQ EH
YHU\ODUJH
:H VKRZ LQ ¿JXUH  WKDW WKH VSHHGXS RI
DQGUHDOL]DWLRQVKDVDJRRG
ORDG EDODQFLQJ EHFDXVH WKH $PGDKO¶V ODZ
DVVXPHV D SHUIHFW ORDG EDODQFLQJ DQG WKH
VSHHGXSPHHWVWKHFRQGLWLRQVGHVFULEHGLQWKH
GLVFXVVLRQVHFWLRQIRUWKLVUHDVRQZHDVVXPH
WKDWRXUVSHHGXSKDGDJRRGORDGEDODQFLQJ
Appendix
,QZKDWIROORZVZHGHVFULEHSDUWVRIWKHVFULSW
ZULWWHQWRSDUDOOHOL]HWKHSURFHVVGHVFULEHGLQ
VHFWLRQ
 $ ¿UVW VWHS LV WR FUHDWH GLUHFWRULHV WR
IDFLOLWDWHWKHSDUDOOHOL]DWLRQDQGVWRULQJRIWKH
LQIRUPDWLRQ:HXVHWKHUDQNRIWKHSURFHVVRU
WRGH¿QHWKHQDPHRIHDFKGLUHFWRU\
Figure 5. 7KH FRPSDUDWLYH EHW
ZHHQ WKH $PGDKO¶V ODZ DQG WKH
VSHHGXSWRDQG
UHDOL]DWLRQV
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)RXULQSXW¿OHVQHHGWREHPRGL¿HGWKHVH
DUH JZTPRQLWRUSDU VJVLPSDU QUPORJSDU
DQGUDQG76SDU(DFK¿OHFRQWDLQVLQSXWVIRU
FRGHV UQGFVLP VJVLPQUOPORJDQG UDQG76
UHVSHFWLYHO\ 0RGL¿FDWLRQ RI ¿OH VJVLPSDU LV
VKRZQEHORZ
RºOH RSHQ®VJVLPSDU¯°Z±
L 
for line in lines:
 L 
 LIL  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 HOLIL  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 else:
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RºOHFORVH
$OOLQSXW¿OHVDUHFRSLHGLQHDFKFOXVWHU
QRGH LQ RUGHU WR UXQ WKH SURJUDPV VJVLP
QUPORJUDQG76DQG*:40RQLWRU2QFHWKH
FRS\RIWKHLQSXW¿OHVLVGRQHZHH[HFXWHHDFK
RQHRIWKHVHSURJUDPV1RWHWKDWWKH)2575$1
H[HFXWDEOHFRGHVDUHUXQXVLQJDV\VWHPFDOO
IURPWKHS\WKRQVFULSW
RVV\VWHP°VJVLPVJVLPSDU!VJVLP
OUTPY’)
RVV\VWHP°QUPORJ!QUPORJ2873<±
RVV\VWHP°UDQGWV!UDQGWV2873<±
RVV\VWHP°JZTPRQLWRU ! JZTPRQLWRU
OUTPY’)
 )RU WKH FDOFXODWLRQ RI WKH FRYDULDQFH
PDWUL[ ZH XVH D EDUULHU WR HQVXUH WKDW WKH
LQIRUPDWLRQIURPWKHGLIIHUHQWSURFHVVRUVKDV
EHHQDUULYHGWRWKHPHPRU\RISURFHVVRUWKDW
FRQVWUXFWWKHFRYDULDQFHPDWUL[&DOFXODWLRQRI
WKHFRYDULDQFHPDWUL[LVFDUULHGRXWDIWHUWKLV
LQIRUPDWLRQLVJDWKHUHG
03,&200B:25/'%DUULHU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  LIRVSDWKLV¿OHDUFKLYR
   RVV\VWHPµUPV¶DUFKLYR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µKRPHHVWKHUO1903,¶
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 FKHFN¿OHµPHGLDRXW¶
 SULQW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WW
 SULQW³WLHPSRQUPORJ H³WW
 SULQW³WLHPSRUDQGWV H³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 SULQW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WW
 RVV\VWHPµPDWUL]G¶VL]H
 RVV\VWHPµPYPHDQYHFWRXWEDVXUD¶
 RVV\VWHPµPYPHDQSOXPHRXWEDVXUD¶
 RVV\VWHPµPYFRYPDWU[RXWEDVXUD¶
2EVHUYH WKDW WKH VWHSV  WR  DUH DOO
H[HFXWHGE\DOOSURFHVVRUVLQSDUDOOHOLWLVRQO\
XVLQJWKHUDQNRIHDFKSURFHVVRUWKDWLVSRVVLEOH
WR DVVLJQ GLIIHUHQW WDVNV WR HDFK SURFHVVRU
$FWXDOO\WKLVODWWHULVGRQHLQWKHVWHS
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